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Abstract 

A proof is given for the observation that the equations of motion for the 
companion Lagrangian without a square root, subject to some constraints, 
just reduce to the equations of motion for the companion Lagrangian with 
a square root in one less dimension. The companion Lagrangian is just an 
extension of the Klein-Gordon Lagrangian to more fields in order to provide 
a field description for strings and branes. 

1 Introduction 



In a proposal was made to extend the wave-particle duality where a particle 

can be described by the Lagrangian Ci or terms of a Klein-Gordon field C2 

A = ; (^1 , C,= :^\^\ (1) 



2\dx, 



to extended objects so that strings and branes with Lagrangian £3 could also be 
described by a theory with Lagrangian £4. 



\ 



det 



La = det 



(2) 
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The number of fields 0* is the same as the number of world-sheet co-ordinates u*. 
The new Lagrangian will be referred to as the companion Lagrangian. Although 
£4 is the natural extension of the Klein-Gordon Lagrangian, it would be preferable 
to consider \/£4 since this possesses general covariance. The following result allows 
us to link these two Lagrangians. 

In it was noted that the equations of motion for the companion Lagrangian 
without a square root, when subjected to some constraints, reduce to the equations 
of motion for the companion Lagrangian with a square root in one dimension less. 
Computer calculations had verified this in several cases and an analytic proof was 
given for the case of two fields. Here we give an analytic proof of this observation 
for any number of fields n in any number of dimensions d where d > n. This result 
can most easily be checked for the case of one field. 



2 Conventions and Notation 

Partial derivatives are denoted by 



(3) 



Totally antisymmetric tensors ey^y^,,,y^ are used throughout the proof with the con- 
vention €12. ..d = +1- When indices have an arrow above them then they represent 
several indices. They can be thought of as vectors with several components. 
fl, z7, p, a each have — 1) components. For example /2 denotes {112, P3, ■ ■ ■ , fJ-n}- 
f, K each have {d — n) components. For example k denotes ^2, . . . , i^d-n}- 
k' denotes {k2, K3, . . . , Kd-n} and k" denotes {^3, . . . , Hd-n}- 
For the product of (n — 1) fields we use the notation = (pl^4>l^ ■ ■ ■ 4>u^- 

A useful identity which will be used later on is 

^111/2^3. ..iyd^plP2---Pd ~ ^Piy2y3-..l'd^P'P2-..Pd ~^ ^p2V2yi---^'d^PlPp-i---Pd "I" ■ ■ • 

• • • + ^Pd'^2f3---'^d^PlP2---Pd~\P' {^) 

It amounts to swapping the index /i from the first epsilon with each index from 
the second epsilon. 
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3 Lagrangians and Equations of Motion 

Consider the Lagrangian for n fields 0* in d space-time dimensions which does 
not involve a square root. 



C = det 



dXf^ dx ^ 

The equations of motion for this Lagrangian are 







(5) 



(6) 



These determinantal Lagrangians can be written as the sum of squares of Jaco- 
bians. The Jacobians will be denoted as 



For the square root case the Lagrangian is 

C 



\ 



det 



dx^ dXf, 



The equations of motion for this can be written as 



(7) 



(8) 



(9) 



4 The Constraints 

The equations of motion for the non-square root case will be subject to the fol- 
lowing constraints. 

||^;.-o. (10) 

There is no summation over the index i. The Lagrangian must also vanish. 

The idea is to reduce the number of dimensions from dto d — 1. The constraints 
( PUD can be used to eliminate all second derivatives of the fields which involve a 
partial derivative with respect to x^, the dth dimension, i.e From the constraints 



dC dC_dC_ 



dC 



'111 
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Putting these into the equations of motion (||) we have: 



E 

i=i 



dC 



dC dC d^C 



dC dC d^C 



+ 



dC dC d^C 



:i2i 



The indices a, /? = 1, 2, . . . , (d — 1) throughout the paper. 



5 The Proof 

For the moment we shall consider the equation of motion with respect to field 
= 0^ and are only looking at the component which involves the terms (pap- 
The other components will work in the same way. Using the definition of the 
Lagrangian which involves the Jacobians then we can write 

C = ^ ^y (j)u4>pBup where B^p = e^fiu^pfip^y^p (13) 



so the numerator of the coefficient of 0q,/3 in (|12|) becomes 

[Bpd{BydBap — BypBad) + Bya{BpfiBdd — BpdBf3d)](pfj.<Pu (14) 

Now, 

Using the epsilon identity (^ to move the index /? around 

(16) 



The first term on the right hand side is just the other term in expression ([15|). The 
last {n — 1) terms will all vanish due to symmetry conditions. This only leaves the 
middle terms. But by relabelling 
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There are r = d — n oi these terms. Therefore, 

Now as in ([T6|), using identity (^) to swap subscript ki 



~\~^Up2K2...KrP^aTK\p3...pn + • • • + pnK2 . ■ .KrP^aT p2 ■ . . Pn-\K\ (19) 

And by relabelhng indices and using the antisymmetric property of the epsilons 

^UTiK2...KnP^aTl...Kl...Trp^K,lTa ^UKp^OTp^ KIT(7 (^O) 

SO, 

which gives 

T 

BudBap — BypBad = ^ _^ ^ Bi^f^le^ad'p^dpK'a^fi^c!] (22) 



Substituting this into the expression ( p^ we find 

Btt[B pdevafi' ft^dpH' u + B^a^^dK'fl^/3dK'u]^fl^u4>p4'u 
= Brri^pTpedTS^uaK'p^dpK'u — ^pTp^ara^udK'p^dliK'i^^^ (23) 

Now, using (^) to move subscript d, 

^dfa^uad' p ^ara^vdn' fl ^vrij^daK' fl ^K2TS^vadKz...Knjl ■ ■ ■ ^ (^KrTa^vaK2...K,, — idp. 

'^^P2fa^uaK"dp3...pn + • • • + ^pnTa^vaK," p2...pn-ld (24) 

As before the last terms will vanish due to symmetry considerations. For the 
middle terms, by relabelling and using antisymmetry 

^KiTa^uQK2...d...Krfl^df3K2...Ki...KrU ^ K2Ta^uadK" p^df3K' u (25) 

There are (r — 1) = (d — n — 1) of these terms. We now have 
r 

^ _^ ^ BrT[£pfp€uTa€daK'p^df3K'u + (r — l)epf'^K2Ta^i^adK'' p^d/SPi'u]^ p^u^ p^a4>p<Pu (26) 

Again, rewriting the epsilons, this time moving subscript k,2, 

^pTp^dpH'v ^K2Tp^df}pK" U ~l~ ^pK2T2...Trp^dl3TlK"u ~l~ • • • ~l~ ^ pn . . .Tr-1K,2 p^df^Tr ft" 1^ ~^ 

• • • "I" ^pfK2p3---pn^dl3p2K"v + ■ ■ ■ + ^pTp2...pn-lK,2^dPpnK"u (27) 



And again, by relabelling 

There are r = d — n oi these terms. So our expression is now 

^^uadK"fi^dl3K"u]^fi^u^p^s4'^i4>u4'aP 



r + 



-rBrrl^daK'ned/Stt'iJ^il^urlC — B^^JdaK" Jd/Sn 

1 r + 1 



r + 



rr! / (9 dJft 



r + 1 



r + 1 



r — 1 / (9 Ji; (9 Jrt 



(r + 1)! 



JdaK"Jdl3K" 



(Paf3 

(29) 



A very similar calculation can be carried out to rewrite the coefficients of 
(j 7^ 1) from ([T^). These become, for (p^ = ip, say. 



r + 1 



JdaK"Jd/3K" 



^a(3 (30) 



di>a dip 13 J {r + ydip^dip^,^ 

When the condition that the Lagrangian vanishes is put into the equations of 
motion, they can just be written as 



JdaK"Jdl3K"(Pai3 — 



(31) 

as required. Comparing ( pi] ) with (|^), these are the equations of motion for the 
Lagrangian involving a square root (^ in {d — 1) dimensions. 



6 Conclusion 

It has been proved that the equations of motion for the companion Lagrangian 
without a square root when subject to some constraints are equivalent to the 
equations of motion for the companion Lagrangian with a square root in one less 
dimension. 
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